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ABSTRACT 

The laws of mechanics of stationary black holes bear a close resemblance with the laws 
of thermodynamics. This is not only a mathematical analogy but also a physical one that 
helps us answer deep questions related to the thermodynamic properties of the black holes. 
It turns out that we can define an entropy which is purely geometrical for black holes. In 
this thesis we explain Wald's formulation which identifies black hole entropy for an arbitrary 
covariant theory of gravity. We would like to know precisely what inputs go into arriving at 
Wald's formalism. This expression for the entropy clearly depends on the precise form of the 
action. The secondary theme of this thesis is to distinguish thermodynamic laws which are 
kinematic from those which are dynamical. We would like to see explicitly in the derivation 
of these laws, where exactly the form of action plays a role. In the beginning we motivate the 
definition of entropy using the Einstein-Hilbert Lagrangian. We encounter the Zeroth law, 
the Hawking radiation, the second law, and then Wald's formulation. 
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Chapter 1 



Introduction 



Black holes are physical objects in spacetime from which nothing including light can escape. 
There is a considerable body of astronomical evidence which has emerged over the years to 
support the existence of black holes. The observations of X-ray sources reveal the presence of 
extremely energetic processes. Quasars are also known to be compact and energetic sources 
which astronomers believe to be driven by energy released during accretion onto a black hole. 

Now, given the existence of black holes, we can easily devise ways to violate the second 
law of thermodynamics, the second law states that the change in entropy of an isolated sys- 
tem can never be negative. It is easy to think of a situation in which we take some matter 
with some entropy, and put it into the black hole. Since nothing can come out of the black 
hole, we conclude that the entropy of the universe has reduced, hence the change in entropy, 
5S < 0. Therefore the second law has been violated! The way to save this ^^apparent" viola- 
tion of the second law is to associate some entropy with the black hole (Sbh)- This entropy, 
Sbh will then increase when some matter goes into the black hole. Then we may be able to 
show that the net change of entropy is not negative, i.e, SS + SSbh > 

It turns out that one can in fact define entropy for black holes. However the nature of 
this entropy is geometrical and presently we do not know if there exists any statistical de- 
scription. The statistical description of the entropy may come out from some underlying 
quantum theory of gravity and in the classical limit it should match with the geometric one. 



This provides us with another motivation to study black hole thermodynamics, since it sheds 
some light on the nature of the quantum theory. 

In this thesis we study the laws of mechanics on the event horizon of a stationary black 
holejj We shall see that some of these laws are kinematic, while some depend on the dynam- 
ics of the theory. A very interesting aspect of these laws is the analogy which they bear with 
the laws of thermodynamics. This analogy is not only mathematical but will also help us to 
find physical answers to: 

• Given a classical theory of gravity that admits a stationary black hole, what is the black 
hole entropy ? 

• Going by the analogy with the zeroth law of thermodynamics, what characterizes equilibrium 
for stationary black holes ? In other words, what is the quantity that stays uniform ? Does 
this quantity have any relation with the temperature of the black hole ? 

• What role does the dynamics of the theory play in these laws of mechanics ? How far can 
we go just by using kinematics ? 

The rest of the chapters in this thesis try to answer the above questions as effectively as 
possible, building upon work done by physicists over a period of more than three decades. 
Chapter 2 deals with the zeroth law of black hole mechanics, which states that the quan- 
tity called "surface gravity" is uniform over the entire event horizon of a stationary black 
hole. In the next chapter we encounter Hawking radiation. Following Visser,^ we derive 
the Hawking temperature using the bare necessities, which highlights what exactly goes in 
to arrive at the result. The end of chapter 3 also marks the end of how far we can reach 
using kinematics. The rest of the chapters make use of the equations of motion. Chapter 4 is 
on the second law, which for the Einstein-Hilbert Lagrangian, states that the change in the 
area of the event horizon of a stationary black hole is never negative. The last chapter prior 
to the conclusion deals with the main question, the definition of entropy. Here we develop 
a formalism due to Wald which under certain conditions will help us define entropy as a 
purely geometric quantity. In between, we shall apply the formalism to the Einstein-Hilbert 



^Stationary black holes are characterized by a time-independent metric. 



Lagrangian and identify entropy with area. In the conclusion we go over the main results 
and the key points of this study. Two appendices, one on the Raychaudhuri equation and 
another on the Frobenius' theorem have been added for quick reference. In the rest of the 
introduction we familiarize ourselves with the notations followed in this thesis. We also give 
a list of important properties of the stationary black holes which we shall use throughout. 



1.1 Notation and conventions 

An attempt has been made to keep the basic notation as standard as possible. Our notation 
follows Poisson- -. The signature of the metric is assumed to be (—1, 1, 1, 1). Greek indices 
(a, /3, ...) run from to 3, latin indices {A, B, ...) run from 2 to 3. Geometrized units, in which 
G = c = 1, are employed. The following list of symbols will be used in this thesis: 



lA. 



Arbitrary coordinates on manifold M 
Arbitrary coordinates on two-surface S 



v,V: Non-affine and affine parameters respectively 

^A ~ W^' Holonomic basis vectors 

g^^: Lorentzian metric 

g: Determinant of ^^jy 

lAB = 5a/3e^e^: Induced metric on S 

7: Determinant of ^ab 

C(^A": Lie derivative of A"' along ^" 

^": Killing vector: C^ga/s = 

9,aai3,u}ai3'- Expansion, shear and rotation 

r^ : Affine connection 



-a/S-yS ■ 



Levi-Civita tensor 



V^: Covariant derivative with respect to {'^^^} 

{^v): Symmetrization over the indices // and v 

[^v]: Anti-symmetrization over the indices /x and f 

R^fji^^y : Riemann tensor of g^^y 



R^y-. Ricci tensor of g^i. (= R"^„y) 

R: Ricci scalar of g^y (= g'^'^R^u) 

Tav '■ Stress-energy tensor ( = ^ ^ 



L^y. ^LlCOO-CilClgJ LCllOUl ,= --^j^ 



1.2 Properties of a stationary black hole 

We say an asymptotically flat spacetime has a black hole if there are regions which cannot 
communicate with infinity, i.e., light signals sent from these do not reach infinity. The bound- 
ary between the normal region and the black hole region is called the event horizon. The 
event horizon is a null surface. Throughout our analysis we consider stationary black holes 
which have the following properties: 

• The event horizon admits a Killing vector ^" = t° A-VIh'^'^, where t" represents asymptotic 
time translational symmetry and 93° represents asymptotic axisymmetry. 

• It is null on the event horizon!^, hence both tangent and normal to the null geodesies. It 
also satisfies the geodesic equation i°ai^ = k^". The quantity k, which measures the failure 
of ^ to be parallely transported is called the surface gravity. 

• The null geodesies are hypersurface orthogonal. 

• The null geodesies do not run into caustics on the event horizon when followed into the 
future.- - Once it has entered the null hypersurface, it cannot leave. 

The above properties along with some mathematical machinery will be sufficient to arrive at 
the laws of black hole thermodynamics and to answer the posed questions. 



Chapter 2 



Zeroth Law of Black Hole 
mechanics 



In this chapter we present two proofs of the zeroth law of black hole mechanics, which states 
that the surface gravity of a stationary black hole is uniform over the entire event horizon. 
The first proof is due to Bardeen, Carter and Hawking.!^ The proof is dependent on the 
Einstein-Hilbert Lagrangian and the dominant energy condition. However the zeroth law is 
actually kinematical, independent of the dynamics of the theory under consideration. We 
shall see this briefly in the last section of this chapter when we discuss the second proof due 
to Racz and Wald.L^ 

2.1 The Bardeen, Carter and Hawking proof 

The proof is two-fold. First we prove that surface gravity(K) does not change along the 
geodesic. Next we show that it is also uniform along the transverse directions. 

Inputs to the proof 

[1] The Black hole under consideration is stationary. 

[2] The above point implies, by proofs presented by Hawking and Ellia^, that the event hori- 
zon is a Killing horizon. 

[3] The dominant energy condition is assumed, which means that matter should follow time- 
like or null world lines. 



[4] By the Raychaudhuri equatiorrl stationarity also implies that matter cannot be flowing 

across the event horizon. 

[5] The Einstein field equations. 

Now, given ^"^ (tangent to the null generators on the event horizonljit satisfies : 

1 ^" is a Killing vector. 

2 ^" is null on the horizon. 

3 C%^^ = K^" on horizon. 

4 ^" has zero expansion, shear and rotation on horizon. 
Now the claim is : 

ea;/3 = i^^N^ + C^eAa)e/3 " Ca{l^N,3 + C^esp) (2.1) 



To justify equation(2.1) we note, that if n is a one-form, and w is a two-form such that, 

n A w = (2.2) 

then we can write 

w = u A T where T is some other one-form. (2-3) 

Now by property [4 ]2.1[ ^" is hypersurface orthogonal (since it has vanishing rotation); so 
Frobenius' theoren]|j immediately tells us : 

C[aCp;^] = (2.4) 



Comparing, equations(2.2), (2.3) and (2.4) we can write. 



^[/3;7] = ?[/3^7] (2-5) 



Completeness relations tell us that N°', ^" and e^ form a basis; so equation(2.5) can be 



^See Appendix A 



■^Our generators are non-afEnely parametrized by parameter n; ^" = ^^ 
^See Appendix B 



re- written as: 



,^^.^ = .^[^(oA''^ + b CA-y + c^-y)], where a,b and c are real coefficients (2-6) 

But we can take c = in the above equation, since the corresponding term after expanding 
out would be c^/3^-y — c^^^p, hence would not contribute. Thus, 



^/3;7 = i[p{0'N.i + h'^eA-f)] 



(2.7) 



To fix a in the above equation we use the geodesic equatiorP^ 
We compute 



But we know ia-^pi^ = i^ia- Therefore from equation(2.8) 



(2i 



a = —K 



(2.9) 



Substituting for the value of a in equation(2.7) we get: 



Ca;/3 = (.KNa + C^e^a)?/? " CainN/s + C^CBfs) 



(2.10) 



thereby proving our claim, i.e., equation(2.1) 



Now, we would like to find the expression for K-a i-e., n,a- We start with the geodesic 
equation for ^^: 

Differentiating both sides: 



<,IJ.;i/aC, + s/j;;^S;a — '^;«?/i + l^'ii 



li;a 



(2.12) 



We contract equation(2.12) with A^^ and rearrange terms to write: 






(2.13) 



In the second step we used the Ricci identity for a Kilhng vector {^a-^^^ = Rap-^si^) and the 



expansion(2.1 ). In the same fashion we expand the last R.H.S term in the above equation to 
obtain: 






(2.14) 



Putting everything back in equation(2.13), we have the required expression for k 



-Rf^uaA^i'^N^' - (7ABC^C^)Co 



(2.15) 



When equation(2.15) is contracted with ^" we immediately see that, 



«,ar = -R^uaA^ei'N^^ - {lABC^c'')i^e = 



(2.16) 



In the second step, the first term is zero since R^uap is antisymmetric in (a,/3) and the term 



^^^" is symmetric in (a,/3). The second term is zero since ^° is a null vector. Equation(2.16) 
proves that surface gravity does not change along the geodesic. 



Now to show that the surface gravity k is constant over the entire horizon we need to show 



that K,ae^ = 0, along with equation(2.16). So we evaluate it next. Using equation(2.15) we 
get, 

Kae'X = -Ra^^sN^^^fel (2.17) 

since ^a^A — 0- Now we use the completeness relation: 



/-r^.^iN^.Ni^P^^BCj. 



B'^C 



(2.18) 



to re-express equation(2.17) as: 



■.,ae\ = Rafi^s^'e'XiCN^ - l^'^'^^l + 9 



I3r\ 



(2.19) 



Expanding the terms, 

i^,ae1 = RafijsC^Ce'XN'' + g^^Rafs^/sC^e'X - j""^ Raf^^se'^e^^el^^ (2.20) 

The first term on the right hand side of the above equation vanishes since R^uap is antisym- 
metric in (a,/3) and the term ^'^^^ is symmetric in (a,/3). We get: 



K,ae\ = g^^Ra^^s^^e'X - j^'^'Ra^-yse'XeielC^ 



(2.21) 



or. 



" t/3 _ ^,BC j 



n J3 7 f <5 



K;aeA = -Raf^eA^^ - 7 "^ Ra/S-ySeAesec^ 



(2.22) 



Now we consider the quantity: Bab = S,a;f3^A^B ^^ ^^ ^^^ equation(2.1) to expand ^a;f5 then 
we end up with: 



Bab = [{kN^ + c^eAa)Ci3 - Ca{nN,3 + c^eBi3)]e'Xe^B 



(2.23) 



Therefore, 



Bab = 



(2.24) 



We also note that the tangential derivatives of B^b vanish on the horizon. It implies: 



{BAB)r/el = 



(2.25) 



or, 



'ia;fSj^A^B^C — 



(2.26) 



or, 



Ra/s-yseAesec^^ = 



(2.27) 



So, using the above equation, equation(2.22) simplifies to 



K,aeA = -RapeA^' 



at0 



(2.28) 



Now we invoke the Einstein equation: 



Rcxp — -zRgap = SttTq^ 



(2.29) 



Multiplying the equation by e'^i ^^'^ carrying out the sum over a and j3 we get: 



Rape'li^ - ^Rga^e'XC^ = STTTo.pe'XC^ 



(2.30) 



But gaS^A^^ = so we get: 



Rape'X^f^ = 87rTa/,e'X^^ 



(2.31) 



Substituting this result into equation(2.28) we obtain: 



K,aeA = ^TTJaBA 



(2.32) 



where ja = -Ta/s^^ ■ 

According to the assumption of the dominant energy condition, ja which represents the flux 

being carried away, must be timelike or null. Which implies: 



jar < 



(2.33) 



10 



By the stationarity assumption, we know 



d6 







dT 
and, e = 

Using the Raychaudhuri and the Einstein's equations this gives: 
Note, that S,", N^ and CAa forms a complete basis, so we can write: 



(2.34) 
(2.35) 



(2.36) 



ja = A^a + BNa + C^CA^ 



(2.37) 



where A,B and C are real numbers. Consider now, ja^", the above equation gives, 



JaC = -B 



(2.38) 



And using the definition of ja and equation(2.36) we get ja^" = 0. Therefore i? = 0. So 



equation! 2.37) is simplified to: 



ja = Aio. + C^CA, 



Now consider, jaj". 



Jo.r = {Aia + C^eAj(^ea + C"eB, 



C 



(2.39) 

(2.40) 
(2.41) 



Now inequality (2.33) says that C < but we have assumed that C is a real number. Hence 



the only possibility is C = 0. So we are left with: 



3a — Ai^a 



(2.42) 



So ja is parallel to ^q. Therefore clearly. 



iafiA = 



(2.43) 
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Hence equation(2.32) gives us: 



K^aeA = 



(2.44) 



Equations (2.16) and (2.44) are all we needed to show that surface gravity, k is constant over 



the entire event horizon. 



2.2 The Zeroth Law is kinematical 



We notice that in the previous section the second part of the proof depended on the dynamics 
of the theory. However it was possible to show that k is constant along a geodesic without 



the use of Einstein's equations. (see equation(2.16) Kinematically we were able to go as far as 



equation(2.28), 



K,aeA = -RafSSAC 



"</3 



(2.45) 



Using the arguments in Racz and Wald's paper^^ we would like to show that the R.H.S of 
the above equation is zero kinematically. 



We assume that the event horizon is geodesically complete (in the sense that the generators 
never leave the horizon when we go back into the past) and surface gravity, k, is non-zero. 
We can reparametrize our generators affinely|^ Let us call the afhne parameter V[^ then it is 
related to the non-affine parameter v through: 



dV 
dv 



(2.46) 



or. 



Therefore, 



V 



dx^ 



dx"dV 



dv dV dv 



''Our generators are non-afEnely parametrized by parameter n; ^" = ^^ 
""We call the affinely parametrized generators as k" 



(2.47) 



(2.48) 
(2.49) 
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Using equation(2.47) 



^" = KVk^ 



(2.50) 



From equation (2. 50), we see that ^' 



as y — )■ 0. Since the horizon is geodesically 



complete, as we go back into the past, ^°' is zero at a point. This defines the bifurcation 
two-sphere. 



Thus, existence of bifurcation two-sphere implies that R.H.S of equation (2. 28) vanishes. So, k 



stays the same as we go from generator to generator. Therefore we conclude that the surface 
gravity stays uniform over the event horizon of a stationary black hole. It can be seen that 
the zeroth law holds irrespective of the existence of a bifurcate horizon. Consider two black 
holes which are identical at some finite, u > 0. Let one of them be an eternal black hole for 



which equation(2.44) holds. Since the spacetime is assumed to be continuous the same must 



be true for the second black hole as well. Therefore surface gravity is constant over its entire 
event horizon. 
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Chapter 3 



Surface gravity is temperature 



In this chapter we shaU encounter an important result relating surface gravity to temperature. 
This result is due to Hawkingl^ . We shall derive this result using the minimalistic approach 
as followed by Visser^ . The analysis is purely kinematical. The Einstein's equations are not 
used anywhere. We shall look at the generic features of the modes near the horizon using 
the eikonal approximation. Specifically we shall look for a Boltzmann factor. We assume a 
spherically symmetric metric with a horizon. 



3.1 Surface gravity in terms of the Painleve-Gullstrand coor- 
dinates 

In general relativity any spherically symmetric geometry can be put into the following form: 
ds'^ = -[c{r, tf - v{r, t)2] dt'^ - 2v{r, t)dr dt + dr^ + r'^[de^ + sin^ dcp"^] (3.1) 

The metric is called Painleve-Gullstrand which in matrix form looks like: 



gt,u{t,x) 



-{(? — v"^) —vfj 



-vri 



Ji] 



(3.2) 
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The apparent horizon is located at c{r,t) = \v{r,t)\, and for stationary black holes this 
matches with the event horizon. Now we define: 



gnit) 



1 d[c(r,t)2 -v{r,ty 



dr 



CH 



d[c(r, t) — \v{r,t) 



H 



dr 



H 



and 



9H_ 



(3.3) 



(3.4) 



If the geometry is stationary, this reduces to the ordinary definition of surface gravity. In 
Chapter 1, our defining equation for surface gravity, k, was: 



ae = i^e 



(3.5) 



We can see that for a timelike Killing vector S,Z\ = (1, 0) the above equation reduces to: 



rgoe° = <° 



(3.6) 



When the given metric (3.2) is stationary, it is easy to check that, 



.0 _ d[cir,t)-\vir,t)\] 



00 



dr 



(3.7) 



H 



Comparison of equations (3.4), (3.6) and (3.7) shows that the two definitions of surface gravity 



match for the static case. If the geometry is not stationary, then equation(3.4) is taken as 
the definition of "surface gravity" . ^ 



3.2 Eikonal approximation (s wave) 

We consider a scalar quantum field (f){r, t) on this Painleve-Gullstrand background and take 
the eikonal approximation for the s wave. 



(r, t) = A{r, t) exp[=Fi(/j(r, t)] = A{r, t) exp 



=pi I (J t — / k{r') dr' 



(3.8) 
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where the field is written as a rapidly varying phase times a slowly varying envelope. With 
the Lagrangian density, 7^d^(j)d'^(j), the equation of motion becomes 



0(^ = 



(3.9) 



or, 



n^exp[=Fiv'] =F id^Ad^ipexpl^iip] =F iOipAexp['^iip] 



(3.10) 



In the eikonal approximation only the last term sm'vives. We use Feynman's "ie-prescription" 
(e is real, positive, and infinitesimal). The wave equation reads: 



gf"" d^^ du^ + ie = 0. 



(3.11) 



Note that in invoking the prescription we have used the fact that the spacetime geometry is 



smooth, even at the horizon. Putting in the metric(3.2) in equation(3.11) we obtain 



uj — vk = a {1 + ie) ck; a = ±1. 



(3.12) 



Solving for k{r,t), (for specific real frequency oj) we have: 



UJ 



a UJ 



a (1 + ie) c — V 



a {1 + ie) c + V (1 + ie) c + av (1 + ie)'^ c^ — v^ 



UJ. 



Note: 



a = +l 



cr = -1 



outgoing mode 



ingoing mode 



(3.13) 

(3.14) 
(3.15) 



Now, it turns out that one can estimate the functional form of A from current conservation 
arguments. The current approximately is. 



J^ = \Air,t)\^ {uj,k,0,0) 



(3.16) 
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Then 



V^ J'^ = 



|^(r,t)|oc 



(3.17) 



So using equations! 3. 17) and (3.13) we can write down the quantum field (p^as, 



r,t 



M 



exp 



=Fm '^ * 



UJ 



(T (1 + ie) c{r') + v{r') 



dr' 



(3.18) 



where N is some normahzation. 



3.3 Outgoing and straddling modes 



We consider the outgoing mode a = +1 



UJ 



{1 + ie) c + V 



(3.19) 



In the vicinity of the future horizon r ^ th (with f w — c) the outgoing wavevector is: 



UJ 



i-out 



[gH/cH]{r -ru) + iecH 



(3.20) 



Rewriting this in terms of the "principal part" and a delta function contribution we have, 



Kout ~ i P 

9H 



1 
r — th 



ITT 5{r — Th) 



(3.21) 



Since we are not crossing the horizon in this case, we can ignore the ie. Therefore just outside 
the horizon we have: 



dr' UJ 



dr' ch ^ ch ^ 



c{r') - \v{r')\ J gHir'-rn) Qh 



ln[r - th] (3.22) 



Thus the field for r > rn takes the following form, 



(t>{r,t) 



out 



Mc 



exp I ibi 



9h 



ln[r — Th] 



out 



ru 



exp {^iujt} 



AAout exp{=F«a;t} 



TH 



17 



In terms of surface gravity, k, we have; 



{r, t)out ~ AAout exp {=Fi(i^t} 



rn 



(3.23) 



Now we look at those "outgoing" modes which straddle the horizon. In this case we cannot 
ignore the ie contribution while calculating the wavevector, since we are crossing the horizon. 
So now our wavevector is: 



^out 



dr < p 



CH_UJ_ 
9H 



In 



QH 



1 



rH\ 



r_ — rn] 



in 



ITT 6{r' — rn) 



(3.24) 



On putting this back into equation(3.18) we can write the straddling field in terms of the 
Heaviside function as: 



[f, i) straddle ^ A/straddle 



@{rH - r) exp I -\ \ + 0(r - ru) 



9H 



\r — rjj 



±iujCH/gH 



rn 



exp [=FiciJt] 



(3.25) 



We see that this mode picks up an exponential factor which contains the surface gravity 



exp 



{-vl 



(3.26) 



This clearly indicates a relation between temperature and surface gravityjj We shall investi- 
gate this relationship more carefully by matching the current at the horizon. We have, 



\K 



straddle | 



exp < + 



27r uj 



\K 



out I 



The ratio of the normalizations is nothing but the Planckian distribution for the outgoing 
flux. We see that, 

\r 2 T 

(3.27) 



straddle 



AAo, 



1 



exp{+^}-l' 
^Occurence of such factors were key to Hawking's derivation ^^J . 
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At this point, it is useful to see the analogy by treating the black hole as a black body. Any 
black body which absorbs in presence of radiation, also radiates. In addition to stimulated 
emission of radiation, there must be spontaneous emission. Einstein's work '^showed that 
the rate coefficients of stimulated emission and absorption are the same. And the ratio of 
spontaneous emission to stimulated emission is given by the Planck distribution law, at the 
black body equilibrium temperature T. 

The same argument has been drawn upon by Hawking in his original treatment—-. Using 
QFT(for bosonic fields) in curved spacetime he was able to show, that the total number of 
particles created and emitted to infinity is, 

r (3.28) 



where, F is the fraction of the wavepacket which will enter the black hole and k is the 



surface gravity. We have obtained the identical ratio in equation! 3.27). It is the relation 
between spontaneous emission and absorption coefficients. Thus we can readily read out the 
"Hawking" temperature as, 

T„ = A, (3.29) 

Based on the above derivation we conclude that surface gravity is in fact Hawking tempera- 
ture. It is to be noted that the above derivation is completely kinematical, making no use of 
the Einstein's equations describing the dynamics of the gravitational field. Hence independent 
of the Lagrangian we can relate temperature to surface gravity. 
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Chapter 4 



The Second Law of Black Hole 
mechanics 



We have seen in the last two chapters some kineniatical properties of the event horizon 
of a stationary black hole. In this chapter we analyze further the geometry of the event 
horizon using the tools that we have, namely the Raychaudhuri equation [J and the Frobenius' 
theorem, [j We will try and see if the geometry tells us anything more. The treatment in 
this chapter is not completely kinematical as we shall impose certain restrictions on the 
Lagrangian. 

4.1 Focusing theorem 

Let a congruence of null geodesies be hypersurface orthogonal. Then Frobenius' theorem tells 
us that the rotation tensor UajS = 0. The RaychaudhurP equation then implies 

^ = -lo'-a'-Ro.,k-k^ (4.1) 

The first two terms on the right hand side give a negative contribution. The third term is a 
dynamical one since the Ricci tensor Ra/3 is related to the energy-momentum tensor through 
the field equations. 



^Appendix A. 
^Appendix B. 
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Now we make a restriction on equation(4.1) by demanding: 



Rapk^'k^ > (4.2) 

The consequence of the above inequahty on the Raychaudhuri equation is: 



Integrating equation(4.3) yields, 



0-\T)>e-\T = O) + '^ (4.4) 

This shows that if the congruence is initially convergent i.e, 9{t = 0) < then within 

we have, 9{t) — ;■ — oo (4-6) 

The interpretation of this result is that the congruences which were converging have focused 



and then diverged. Therefore they must have developed a caustic, [see Figure(4.1)] a point at 
which some of the geodesies come together. You can understand the use of the term "caustic" 
by focusing sun rays onto the palm of your hand using a magnifying glass. 

4.2 Interpretation of 9 and the Area theorem 

For the null case, we now prove : 

where, 7 = det^jAB)- Here, jab is the 2-dimensional metric on the cross section of the null 
congruence satisfying: 

7"/5 = 7^Sele^ (4.8) 

and, 

lAB = lape-A^^B (4-9) 
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rJ = - oo 



Figure 4.1: Evolution of tlie congruence according to equation! 4.4) when 0{t = 0) < 



Starting from the R.H.S of equation(4.7) we have 



^^(v^'-^^^^*-"' 



(4A0) 



Using equation(4.9) and the completeness relatioifjwe have: 






{iab) = (5a/3eA4);M^'' 



P ^(J 






^7a/3 = gap + UaNp + UpNa 



(4.11) 
(4.12) 
(4.13) 
(4.14) 
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The third step follows from the fact that, >Cke^ = and the fourth step follows from the 
definition of the tensor -Ba/jlj Going back to equation(4.10) we have, 



~iV^) = ll^^iBa, + B,^)e<Xe'^ 



(4.15) 



Using equation(4.8) 






(V7) = r'B^p 



(4.16) 



The above result proves equation(4.7). Now we consider the congruence's area element. 



5A= j> ^/^(fx 



(4.17) 



Rate of change of this quantity with respect to the affine parameter is: 



Am=/A(^),.. 



(4.18) 



Using equation(4.7) we can rewrite the above equation as: 



Ik 



5A= i ^eSx 



(4.19) 



or, 



1 d 
6Ad^ 



6A 



(4.20) 



Thus 6 is the fractional rate of change of the congruence's cross-sectional area. The area 



theorem follows directly from the Focusing theorem and equation(4.20). 



It was observed by Penrose that the event horizon is generated by null geodesies with no 
future end points. This means that the null generators cannot run into caustics. Therefore 
the focusing theorem implies that the expansion parameter, 9, has to be either positive or zero, 
everywhere on the event horizon. This is true because, in case 9 was negative, then by equa- 



tion(4.6), we would have a caustic. Therefore everywhere on the event horizon, 9 > O.From 



*See Appendix A. 
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equation! 4. 20) we thus have the result, that the event horizon area will not decrease, i.e, 



5A>0 



(4.21) 



This is the area theorem, or the second law of black hole mechanics. 



24 



Chapter 5 



Wald's formulation and the first law 



We consider a general, classical theory of gravity in n dimensions, arising from a diffeomor- 
phism invariant Lagrangian. In any such theory, to each vector field, ^", on spacetime one 
can associate a local symmetry and hence, a Noether current, (n-l)-form, J, and (on-shell) a 
Noether charge (n-2)-form, Q, both of which are locally constructed from ^" and the fields 
appearing in the Lagrangian. |TTj 

Using the Noether current we shall derive the first law of black hole mechanics for sta- 
tionary black holes with a bifurcate Killing horizon (so that the Zeroth law holds). [12J This 
is the "physical process version" of the first law, in which we pass from an initial stationary 
state to a final stationary state. In between the black hole interacts with its environment 
exchanging energy and angular momentum and is not stationary. From the first law we can 
then conclude that the black hole entropy is simply surface integral of the (n-2)-form Noether 
charge associated with the horizon Killing field. [11] 



25 



5.1 Constraints on the variation of the Hamiltonian of a dif- 
feomorphism invariant theory 

We shall now formulate the Hamiltonian for a diffeomorphism invariant Lagrangian in n- 
dimensional manifold. We shall view the Lagrangian as an n-form, L, rather than as a scalar 
density. At each point in the spacetime, L is required to be a function of the spacetime 
metric gaf3, as well as other matter fields and finitely many of its derivatives at the point. 
The higher derivative theories of gravity are included in this framework. 
We use the symbol '0' to denote all the dynamical fields, including the metric. Now diffeo- 
morphism invariant theories mean, for any diffeomorphism, 
tp : M — > M , we have, 

L[rm = rH^] (5.1) 

The above equation says that if we pull back (j) and then evaluate L, or we evaluate L and 
then do the pull back, we should end up with the same result. Now we carry out a first order 
variation of L. This can be written as (see p[3] ): 

6L = ES(l) + d@ (5.2) 

The Euler-Lagrange equations of motion of the theory are simply E = 0. The above equation 
defines 0. The (n-l)-form, 0, is locally constructed from cp and 54>, and we can use it to 
define the symplectic current fl as: 

n{^, 5i0, 520) = 6i [@{cl), 62<P)] - 62[@{<P, 5i<j))] (5.3) 

Now, let ^" be any vector field on M. Consider the field variation 5(/) = C^cj). The diffeomor- 
phism invariance of L implies that under this variation, 

<5L = £^L (5.4) 

Using the following identity: 

C^K = i-dK + d{i ■ A) (5.5) 
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We can rewrite equation(5.4) as: 



6L = C/:L = d{C • L) 



(5.6) 



since dL vanishes, as it is an (n + l)-form in an n dimensional space. 



Now, equation(5.6) indicates that the Lagrangian changes by a total derivative. Hence we 



can associate a Noether current (n-l)-form, J to each ^", defined by: 



J = G( 



e-L 



(5.7) 



We can check, 

dJ = d@- d{C ■ L) 

dJ = 5L- E6(j) - 6L (5.8) 

dJ = -E5(p 

so, J is closed whenever the equations of motion are satisfied(E = 0). One can then show, 
(see the Appendix of |13j ) that J can always be written in the form: 



3 = dQ + ^Kc 



(5.9) 



where, Q is the Noether charge (n-2)-form, and Kq, are the constraints of the theory. 



Going back to the original definition of J, equation(5.7) the first order variation in J due to 
arbitrary variation of 6(j) is, 

63 = 6@-C-SL (5.10) 



Now, using equation(5.2) we write the above equation as: 



53 = 6e-^- [B6^ + d&] 



(5.11) 



Using equation(5.5): 



53 = <5[0(0, C^ct>)] - C^[&{ct>, 50)] + d(e • 0) 



(5.12) 
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Now, by the definition of tfie symplectic current ft (equation(5.3)), tlie first two terms can 
be combined, and the above equation can be re-written as: 

63 = n{^,6(l),C!:(p) + d{^-@) (5.13) 

Thus the current fl is: 

n(0, 6(p, C^cf)) = 53- d{i ■ 0) (5.14) 

When the above equation is integrated over a Cauchy surface {slice), E, comparison with 
the Hamilton's equations of motion shows that if a Hamiltonian, H, exists then it must 
satisfy [16] [12], 

5H = 5 [ J- [ d{C-@) (5.15) 
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5.2 The First Law of Black Hole Mechanics 



In this section we shall derive the physical process version of the first law of Black Hole 
mechanics. We start by deriving the formulae for first-order variations in ADM mass and 
angular momentum (using the Einstein-Hilberljj Lagrangian) for a classical, stationary black 
hole. From there we can compute the change in area using the Raychaudhuri equation, and 
establish the first law. The analysis in this chapter is dynamical. 



Using the definition of Q, i.e, equation(5.9), we rewrite equation(5.15) as: 



dH= I CSK^ + I [<)'Q - ^ 0] 



(5.16) 



We assume that H exists for all infinitesimal asymptotic symmetries and that it is indepen- 
dent of the choice of ^° . Further when ^" is Killing then it can be shown trivially (equation 
(23) of [12]) that 5H is independent of our choice of slice, S. 



Now we assume that 6(p satisfies linearized equations of motion throughout the spacetime. 
Also we choose our slice (see figure |5!l| ) such that it extends smoothly to the boundary rep- 
resenting infinity, (we are free to choose our slices because of the slice independence of 5H) 



^2. / 



hauMdUr 




Figure 5.1: Slice boundary approaches cx), so JKq, — 



Doing so, and remembering our assumption we have JKq, — )• 0, equation(5.16) takes the 



^abbreviated as EH from now on. 
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form: 



6H= f {6Q[^]-C-&) 

Joo 

Stokes' theorem is used now, to rewrite the above as: 

5H = f {5dQ[c] - d{^ •©))+/ (.5Q[e] - e • ©) 



(5.17) 



(5.18) 



here, 5S is any interior boundary of S. Using equation(5.13) we ehminate the d{^ ■ 0) term 
to get: 

6H= [ {SdQiC] - 5J[C]) + / {6Q[C] - e • 0) (5.19) 



Note that we have restricted our attention to ^" Kihing, which is why fi in equation(5.13) is 



zero. Using equation(5.9) in the first integral of the above equation, we get: 



6H = - [ ^dKo, + / [6Q-C-@] 



(5.20) 



It is important to note that the above equation does not require 5(j) to satisfy linearized 
equations of motion throughout the spacetime, in that case 5Kq = and the integral over S 



is zero. Our equation(5.20) allows 



1. The presence of sources for Einstein's equations as well as for other matter fields. 

2. (9S to be arbitrary. 

We look into the EH Lagrangian now, and derive formulae for variation in ADM mass 
and angular momentum. The EH Lagrangian is: 



L = eR where, e is the associated volume element 

167r 



(5.21) 



The first order variation of L gives 



<5L = r^e{-R^^ + J<7°^i?)<5<7„/3 + d@ 
Idtt 2 



(5.22) 
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where, 







ap^\ 



167r 



eSafS'yV 



with, 



vs 



y^Sgsf, - g^'Vs^g, 



(5.23) 



^v 



To use equation(5.20) to define variations in ADM mass and angular momentum, we need to 



identify Q and K^ which we go on to do next. 
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5.2.1 Identifying Q and K^ 



We start with equation(5.7) and try to bring it to the form of equation(5.9) 



We shall use in this subsection the following formulae/definitions : 
The Einstein tensor, defined as: 



2^ 



(5.24) 



The variation of metric: 



^g^P = v("e^ 



(5.25) 



The Ricci identity: 



V[°V'^'^'^ = R"^'^ ^^ 



(5.26) 



In the case of the EH Lagrangian, with the L given by equation(5.21) and identified 



as equation(5.23), equation(5.7) can be written as: 



J = r^es^p^[{V p6g^P 



j5 ^iv 



g^uV'gn - Re\ 



(5.27) 



Using equation(5.25) we rewrite above equation as: 



J = Y^e^a/J^VpV^^e^) - ^65,^^5^, VV^'^r^ - ^€5a/37«e^ (5.28) 



or, 



lOTT lOTT IdTT 



(5.29) 



or, 



J = T^e5a/37VpV(^C^) - -^es^p^g^,,[V'^'V^'H 



167r 



167r 



Idtt 



(5.30) 
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Using equation(5.26), 






(5.31) 



Now using definition equation(5.24) we have, 



lovr lovr 



1 

16^' 



+ Tir^5a/37(G'J+^<5j)e'' 



2 



levr 



^SaP^Ri 



(5.32) 



or, 



J = r^eso^M^pV^'e^ - ±^es.p,V^'V^)i 



+ ^g^ 65^/37^ p 



oZtt 



(5.33) 



or. 



loTT lovr 



IGvr 



(5.34) 



Using equations (5.24) and (5.26), 



J = r^eso^^ygpaV^^^'e^ - ^eso^^^gp.V'^V'e + T^e^a/S^iCj + ^-^J^^ 



167r 



Svr 



167r 



^ 2 



+ ]^g7^^'5a/37^P 



G^C^ - IT^^Sa/S-yRS, 



(5.35) 



or. 



J = -T^e(5a^7VpV^ .^''^ + -^-eSajB^Gpi 



167r 



Svr 



^a/37 + „ £<5a/37^pS 



(5.36) 



We shall now try to write the first term, vIq,^^ as dQ where, Q is a 2-forni. 

Let us call it, Qq,/^. 

So, 



(5.37) 



33 



Let us look at the dual of equation(5.37) 



*(dQ)7a/3 = e'^^'^^V^Qa 



V^Q"^ 



(5.38) 



where, Q^'^ = e^^"^Q„, 



But, from equation (5.36) 



*A. 



a/37 



,M«/37^ 



Q/37 






(5.39) 



Comparing equations (5.38) and (5.39) we identify: 



QM7 = x/lf^c-y] 

^ IGvr ^ 



(5.40) 



So, 



Qc 



IGtt 



-Q/37( 



5V[^C" 



(5.41) 



We have thus cast equation(5.7) into the form of equation(5.9), and identified. 



^a/SyS — g^^paf3'yG^ 



Qo 



167r 



-«/97(S 



yb^S] 



(5.42) 
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5.2.2 First-order variations in ADM mass and angular momentum 

Now, let ga/3 be the solution of the vacuum Einstein equations, and let 5gai3 be a linearized 
perturbation which satisfies equations of motion with source 6Tap- 



Then from the identification equation (5.42) 



Sl^ajB^i — ^pa(5j^T ^ 



(5.43) 



Now, we can substitute the above formula into equation(5.20) 



6H = - [ Epo^Mi'^TP ,+ f [<5Q - e • 0] 



(5.44) 



ADM mass is defined to be the value of the Hamiltonian for the EH Lagrangian in an 
asymptotically flat spacetime where the Killing vector corresponds to time translation, t". 



Writing H = M equation(5.44) corresponds to: 



5M = - [ ep^p^t^ST" s+ [ m[t]-t- G] 



(5.45) 



Similarly, writing H = —J and choosing ^" as asymptotic rotation, (/?", the variation in 
angular momentum in an asymptotically flat spacetime is: 






6J = I epal3j<f' 



(5.46) 
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5.2.3 The physical process derivation of the First law 



We consider a classical, stationary black hole solution to the vacuum EH equations. We put 
in some matter into it, (as a perturbation) and assume that the black hole is not destroyed 



in the process, but settles down to a stationary final state. Using equations (5.45) and (5.46) 



we can find change in mass and angular momentum. Also Raychaudhuri equation will give 
us the change in area. We shall see how the change in all these 3 quantities relate to each 
other. That is precisely the statement of the first law of black hole mechanics. 
We let gai3 be the solution to the source free EH equations of motion corresponding to a 
stationary black hole. Let, 

C = r + Qh^'' (5.47) 



be the Killing field of this black hole. Let Sq be an asymptotically flat hyperspace which 



terminates on the event horizon Ti of the black hole.(flgure 5.2 



2, 







Figure 5.2: Slice asymptotically terminates on event horizon H, no contribution to SH comes from 
the integral over the shaded region 

We consider initial data on Sq for a linearized perturbation with matter source (5T° o. As 
before we require that 5T" a vanish near infinity (so that we are justified to use equation(5.44) 



and hence our definitions of ADM mass and angular momentum) . In addition we require that 
the initial data for SgaB vanish near the neighborhood of the horizon % on S, so that the 



2-form integral arising in equations (5.45) and (5.46) vanishes. Combining the definitions of 



ADM mass and angular momentum, we get: 



5M - QhSJ 






5TP 



(5.48) 
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Let n" be the unit future- like normal to Sn, then 



-pal3f — ^p^a/37 



(5.49) 



Now, since Sq terminates on the event horizon Ti of the black hole we can replace Up with 



null tangent kp. Making these changes in equation(5.48) we have, 



dM - QhSJ = [ e~p^i^5TP ^kp = [ C^dT' ^k 
Jh Jn 



(5.50) 



We shall now try to cast the R.H.S of the above equation in terms of change in area. The 
Raychaudhuri equation for the stationary black hole using Einstein's equations corresponds 
to: 

(5.51) 



dV 



^ttST^ ^kpk^ 



Since we have assumed that the Zeroth Law of black hole mechanics holds, we can substitute 
for k in the R.H.S of above equation in terms of the constant surface gravitjrl 



e 






(5.52) 



Using equations (A.ll) and (5.52) the integration over the horizon T-L, [the R.H.S. of equa- 

(5.53) 



tion(5.50)], gives 



/ ^^5T'' .kp = - — K I dV I d'^S V 
Jh Stt Jo Jq^ 

The right hand can be integrated by parts. 



de 

dV 



-—kI d^S Tv^dV = - — K[f d^S{9V)\^-[ d^S r 9dV] (5.54) 

OTT JdH Jo dV Svr Jgy^ Jg^ Jq 

From the interpretation of as ^ ^, with A as area of the black hole, the second term 



in equation(5.54) is just the change in black hole area. On the other hand, the first term 



vanishes, since — >■ as y — )■ and also as ^ — t- 00, since the black hole starts from an initial 
stationary state and settles down to a final stationary state according to our assumption. 



Using the relation between afSne parameter(V) and Killing paranieter(u), InV = nv; 
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Thus we obtain, 



Svr 



K I d'S I V^dV = —k5A 
dV Sit 



9H Jo 



(5.55) 



Thus from equations (5.50), (5.53) and (5.55) we obtain the First Law of black hole mechanics, 



6M - Qh5J = — k5A 

Svr 



(5.56) 



or. 



5M k5A = QhSJ 

Svr 



(5.57) 



Keeping in mind equation(5.57) we note the following analogies. 



1 The first law of thermodynamics, which states dE — TdS = —work done 

2 The result of Hawking radiation, which identifies surface gravity, k, with temperature, T. 

3 The result of second law of black hole mechanics, which states that the change in area, 5 A, 

is always positive. 

4 The second law of thermodynamics, which states that the change in entropy, 6S, is always 

positive. 

The above four analogies strongly motivates us to identify area with entropy! Hence we 



rewrite equation (5.56) as: 



6M-nHSJ= —6S 



(5.58) 



The above equation is assumed to hold not only for the EH Lagrangian, but for all classical 
theories of gravity arising from a diffeomorphism invariant Lagrangian. However in other 
such theories the entropy need not be equal to the area of the black hole. 
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5.3 Identification of Noether charge with entropy 

We shall now show how the formalism developed in the first section of this chapter contains 
the identification of entropy with the Noether charge (assuming the zeroth and the first law 
holds) . 



We begin our analysis from equation! 5. 17) which holds for any diffeomorphism invariant 



theory. In this section we use this formula to define variations in canonical mass and angular 
momentum. Once again, we call H = M for the choice of ^" = t" and H = —J for ^" = (/?". 



Equation(5.17) gives us: 



5M 



5 J 



{5q,[t]-t-@) 



<5QM 



(5.59) 



(5.60) 



In the above equation ip ■ does not appear since <p°' is assumed to be tangent to the (n - 2) 
dimensional sphere where the integrals are evaluated. Now we specialize to a stationary black 
hole solution with a bifurcate Killing horizon with a bifurcation surface, d'S. Once again we 
choose .^" to be the Killing field which vanishes on 9SJj For the Killing case, the symplectic 



current CI vanishes, and equations (5.9) and (5.13) gives us: 



d{6Q) = d{C ■ 0) 



(5.61) 



Integrating the above equation over S, taking into account equations (5.59) and (5.60) we 
obtain: 

(5.62) 



6M - ^hSJ = 6 Q 

IdT: 



However the right hand side of the above equation need to be written as k times something, so 
that the identification with entropy can be made. The analysis in this section is independent 
of the Lagrangian, and in this respect it is important that the Zeroth law holds irrespective 
of the Lagrangian. 
We follow the algorithm as suggested by WaldpIT]. Define a (n - 2)-form Q on dT, by 



see equation! 5.47 1 
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expressing Q in terms of ^" and V aip- Since ^" vanishes on 9S, and V aip = K-Sa^ all 
references to ^^ has been eliminated. Now since ^ and k scales in the same way, if we choose 
Q to have unit surface gravity, then on 9S we have, 



(5Q = K5Ct 



(5.63) 



Thus, we can pull out k from equation(5.62) 



5M - CIhSJ = kS Q 
/9s 



(5.64) 



Comparing equations (5.58) and (5.64) we see, that black hole entropy, S is defined by: 



S = 2^ / Q 

/9E 



(5.65) 



The above formula establishes black hole entropy in terms of Noether charge for a general 
diffeomorphism invariant classical theory which admits stationary black hole solutions. Note 



that the identification(5.65) is based on the validity of the first law, equation(5.58). The first 



law was derived using the EH Lagrangian. The identification (5.65) is hence a definition of 
entropy which depends on the dynamics of the theory! 



--aP 
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Chapter 6 



Conclusion 



The main theme of this thesis report has been to arrive at the expression for entropy in the 
case of stationary black holes. We started our analysis by deriving the established laws of 
black hole mechanics. All through our analysis we had been careful to distinguish laws which 
were consequences of kinematics from the dynamical ones. 
We saw in chapter 2, that surface gravity characterized equilibrium for stationary black holes. 



After providing the proof by Bardeen, Carter and Hawking (see section 2.1) which makes use 



of the Einstein's equations (equation(2.29)), the kinematic proof due to Wald (see section 
2.2) has been discussed. However this proof relies on the existence of a bifurcation surface. 
In chapter 3, we looked at the modes of a scalar field in the presence of a spherically sym- 
metric background metric. A straightforward calculation led us to identify surface gravity 



as Hawking temperature (equation(3.29)). Nowhere in the calculation were the equations of 
motion used. Thus once again kinematics showed that temperature and surface gravity are 
the same quantity for stationary black holes (in equilibrium). This indicates (in analogy to 
the Zeroth law of thermodynamics) why we should expect the uniformity of surface gravity 
over the event horizon to be valid kinematically. 

Next we dealt with the second law of black hole mechanics in chapter 4. Once we used 
the equations of motion and posed certain energy conditions, the Raychaudhuri equation 
showed that the area of the event horizon of a stationary black holes can never decrease 



(equation(4.21)). It is here that the dynamics starts to play a role. 



In chapter 5 we developed Wald's formulation and derived the 'physical' process version of 
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the first law of black hole mechanics for the Einstein-Hilbert Lagrangian. The first law gave 
us a relation between work done, mass and the area of the event horizon for a stationary black 



hole (equation! 5.57)). Then we used all the laws of black hole mechanics to motivate us to 



identify entropy with area for the Einstein-Hilbert Lagrangian (equation(5.58)). Wald's for- 
mulation was generalized to arbitrary diffeomorphism invariant Lagrangians and a equation 



equivalent to the first law was obtained (equation(5.64)). This allowed us to define entropy 
for any theory of gravity. The entropy so defined turned out to be a purely geometric quan- 
tity (equation( 5.65| )). It is the surface integral of the Noether charge of the diffeomorphism 
invariance current which depends only on the dynamical fields appearing in the Lagrangian. 
However we must note that we needed to assume that the Killing horizon is bifurcatejj This 
analysis fails for extremal black holes where the horizon is not a bifurcate. 



In the following table we summarize the analogy between Einstein-Hilbert black holes' me- 
chanics and laws of thermodynamics: 



Law 



Zeroth law 

First law 
Second law 



Thermodynamic system Black hole 



T constant on a body in ther- 
mal equilibrium 
dE = TdS - PdV 
(55 >0 



K constant over a stationary 
black hole's event horizon 
5M = f;^6A + 0.5 J 
M>0^ 



Table 6.1: Analogy between laws of thermodynamics and laws of black hole mechanics 



^In our derivation of first law for Einstein-Hilbert Lagrangian, there were no such assumptions. 
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It is interesting to note that the dependence of entropy on the dynamics puts strong 
constraints in the Lagrangian when one demands the Second law to be respected. For instance 
if one takes, a higher dimensional theory of gravity of the form: 

Io = J d'^Xj^V^iR + P(R)) (6.1) 

In the above expression for action, P{R) is a polynomial in the Ricci scalar R. Now using 
the Wald formulation the entropy can be computed U-^. It is given by. 



S{9) = ^ ^ d^-'x^{l + P'{R)) (6.2) 



m 

Second law now restricts the coefficients in P{R) by ensuring that 1 + P'{R) remains positive 
everywhere outside and on the event horizon of the black hole spacetime. This is a very good 
example which shows the Second law puts constraints on the theory. 

In this thesis we have posed and answered some questions related to black hole thermody- 
namics. What are the precise inputs that go into each of the laws of black hole mechanics? 
Which of these are kinematical and which are dynamical? To answer these questions we have 
collected and summerized results which are scattered in the literature. It is hoped that others 
seeking an introduction to this fascinating subject will ffiid this thesis helpful. In the process 
of answering these questions, we have understood the assumptions which are really necessary. 
This inevitably leads to further questions. Wald's formulation of geometric entropy gives a 
general perspective on black hole entropy for any dimension and any Lagrangian. Any future 
quantum theory of gravity will be tested on its ability to reproduce Wald's formula in the 
appropriate classical limit. 
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Appendix A 



The Raychaudhuri equation 



Let O be an open region in spacetime. A congruence in O is a family of curves such that 
through each point in O there passes one and only one curve from this family, (picture this 
as a bundle of non-intersecting wires.) In this appendix we will be interested in the evolution 
of such a congruence. That is precisely what Raychaudhuri equation tells us. 

A.l Newtonian derivation of Raychaudhuri equation 

We present first a Newtonian derivation of the Raychaudhuri equation which captures the 
essence in the timelike case. 

We consider a pressureless fluid with velocity given by v{x,t). Now if we have any scalar 
function / then we define the convective derivative as, 
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Also, we define expansion as the divergence of v and call it 6 = V ■ v. Our programme is to 
find the time-evolution of 9. On differentiating 9 with t, 



d9 _ 89 
di ~ ~di 



+ V-V9 



d9 



or, — = didtv^ + v^didjV^ 
didtv' + div^djv' - {div^){djv') 
di{dtv' + v^djv')-{d,v^){djv') 



(A.2) 
(A.3) 
(A.4) 
(A.5) 



Using equation(A.l) we identify the term within parentheses in equation(A.5) as 



dtv'^ + v^djv'^ 



dv 
dt 



(A.6) 



The second term in equation! A. 5) can be identified with a second rank tensor. Any tensor 



can be decomposed into its symmetric and antisymmetric (which we call coij) parts. The 
symmetric part can be further decomposed into the trace and the traceless (we call it aij) 
parts. Since the trace diVi is just 9 by definition, we have: 



{dy){djv^) = - + a' 



ui 



(A.7) 



In our case Wjj = d[iVj] corresponds to rotation and a^j = d(^iVj) — diVi corresponds to the 



shear. The factor of 3 in the first term of equation(A.7) comes since our matrices are all of 



3x3 dimensions. Now we re- write equation(A.5) as: 



d9 ^ dv 9^ 9 , 

— = V-- a^ +oj^ 

dt dt 3 



(A. 



The first term on the R.H.S. of equation( A.8) is just the divergence of acceleration. Since we 



are in a theory of gravity (Newtonian) where force is conserved, we may express acceleration 
in terms of the Newtonian potential: 



dv 
~dt 



-V$ 



gr 



(A.9) 
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If we have a mass density(/o) as source, then ^gr satisfies Poisson's equations: 



S/'^^gj. = AttGp 



(A.IO) 



Substituting for the first term in equation(A.8) using equations (A. 9) and (A.IO) we get the 
Raychaudhuri equation, 
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A. 2 General derivation of the Raychaudhuri equation 

In analogy to the Newtonian derivation, we find the evolution of the expansion scalar, 
obtained by taking the trace of tensor field 



Ball 



u, 



■a;P 



(A.12) 



where 



dx°' 
Ik 



(A.13) 



is the tangent to the geodesic of the congruence. We develop the equation for 9 by finding 
an equation for j3ai3- 






-Ba^j.B'i - Rafj.l3uU^U 



t^-,,1' 



(A.14) 
(A.15) 
(A.16) 



On taking the trace of the above equation, 



dO 
dr 



30/3 



B'^^B^a - RafSu'^uP 



(A.17) 



It is easy to see that for u" = timelike, 



d9_ 



a^ ^u? - RaRu'^u^ 



(A.18) 



where, o" and uj have the same interpretation as in equation(A.7 ^ Also in the Newtonian 



limit equation(A.18) goes over to equation(A.ll). 



There is some subtlety however for u" = null. Since u°^Ua = does not imply that vector B°^^ 
is tranverse to n"jj Since the tensor Bab is not purely transverse, we construct the purely 
transverse tensor Bab by taking projections with the purely transverse induced metric ^ab, 



^Note that Bap is purely transverse, thus the interpretation of a and w goes through. 
■^The transverse space is two dimensional. So we make replacements : a — >■ j4 and /3 — > B 
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which in this case is 2-diniensional. Then we can decompose, 



Bal3 = -^lAB + O-AB + ^AB 



(A.19) 



It can be checked that 



jBA 



BA) 



B OAB — o Uab 



(A.20) 



which means we can rewrite equation(A.17) for the null case as 






■^ab 



«o,/3 



B'^'^BbA - Rapu'^U 



(A.21) 



And using equation(A.19), the final form of Raychaudhuri equation for congruence of null 
geodesies reads 

(A.22) 



dO___(P 



a^ + tj2 _ R^gu'^ul^ 
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Appendix B 

Probenius' Theorem 

Congruences which are hypersurface orthogona^have vanishing rotation tensor. This is the 
statement of Frobenius' theorem, which we now prove. 

Suppose that the hypersurfaces are described by equations of the form, <I>(j;") = c, where c 
is a constant specific to each hypersurface. Then the normal to the hypersurface, n^ = $,q 
and since congruences u" are orthogonal to them, 

Ua = ^^^,a (B.l) 

for some proportionality factor fi. 



Differentiating equation(B.l) gives, 

Ua;P = 1^,13^, a + Ai^;«/3 (B.2) 



Consider now the antisymmetric tensor, ur^.^n^i. Computation of it using equation(B.2) and 
^;o/3 = *^;/3a givcs US zero. Therefore we have the result: 

hypersurface orthogonal =^ w^Q.^n^j = (B.3) 



^meaning that the congruences are everywhere orthogonal to a family of hypersurface fohating O, an open 
region in spacetime 
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The converse of the above statement can also be proved to be true. So a congruence of curves 
(tiniehke, spaceUke, or nuU) is hypersurface orthogonal if and only if u\ci-^pu^-\ = 0, where u" 
is tangent to the curves. 
Now we focus on 






(B.4) 
(B.5) 



By statenient(B.3) the L.H.S of the above equation gives us zero if geodesies are hypersurface 
orthogonal. 



For timelike case transvecting the R.H.S of equation(B.5) by u'^ gives 5[q:/3] = 0, which 

means by our definition that the rotation tensor vanishes. 

For the null case, transvection with A^'^ gives the desired result. 
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